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We use series expansions and second-order spin-wave theory to calculate 
ground state properties and magnon dispersion curves for mixed spin (SA=1/2, 
SB=1) quantum ferrimagnets on simple bipartite lattices. Of the two branches 
one is gapped at k=0 while the other becomes gapless, but with quadratic 
rather than linear dispersion. 

 
 Ferrimagnets [1] are materials where ions on different sublattices have opposing 
magnetic moments which do not cancel in the ordered phase. This can arise either through 
unequal numbers of ions on the sublattices or the ions having different spin quantum 
numbers. There is growing interest in such systems, both from fundamental physics and 
through their technological potential. Arguably the simplest such structures are bipartite 
lattices (A, B) with SA≠SB, with nearest neighbour antiferromagnetic exchange coupling.  
Realizations include bimetallic chains [2], rare-earth nickelates R2BaNiO5 [3] and an Fe-Ni 
cyanide bridged network [4]. 
 
 We have recently studied such mixed-spin systems with SA=1/2, SB=1 and having 
nearest neighbour antiferromagnetic exchange, in one-dimension, two-dimensions (square 
lattice) and three-dimensions (simple cubic lattice) [5]. We focus on properties at zero 
temperature: the ground-state energy, the sublattice magnetizations, and the energies of 
magnon excitations. Our approach is via high order linked cluster expansions, a technique 
which we have refined and used successfully in many previous studies of quantum 
antiferromagnets. For comparison purposes we have also calculated the same quantities using 
first- and second-order spin-wave theory. 
 
 The Hamiltonian of the system is 
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where <ij> denotes nearest-neighbour pairs and s, S denote respectively the spin-1/2 and 
spin-1operators on sublattices A, B. The parameter λ allows for exchange anisotropy, and 
provides an expansion parameter for the perturbative linked-cluster expansion. The 
calculation leads to an expansion for the ground state energy of the form 
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where the er are numerical coefficients. Similar expansions, with different coefficients, are 
obtained for the sublattice magnetizations. In this paper we consider only the simple-cubic 
lattice. The calculation, to order λ12, involves 24212 different clusters. The series coefficients 
are shown in Table 1.  
 
 Analysis of the series requires an extrapolation, from the known terms, to the sum of 
the infinite power series. For small λ, a naive summation of all known terms is adequate, but 
for larger λ, and in particular, for the isotropic limit λ=1, more sophisticated techniques, such 
as Padé approximants and integrated differential approximants have been used. Figure 1 
shows results for both the ground state energy and sublattice A magnetization versus λ. The 



sublattice B magnetization is identical, apart from a constant shift. Our estimated error is no 
larger than the thickness of the curve. 
 
Table 1: Series coefficients for the ground state energy per site E0/NJ magnetization M1, and 
two magnon energies J/±ω  at k=0 for the simple cubic lattice. Nonzero coefficients λr up to 
order 12 are listed. 
 

r E0/NJ M1 ω–(k=0)/J ω+(k=0)/J 
0 -1.50000000  5.00000000×10-1  3.00000000  6.00000000 
2 -1.87500000×10-1 -4.68750000×10-2 -2.46428571 -2.03571429 
4 -3.89229911×10-3 -4.79023836×10-3 -2.21734002×10-1 -2.12222866×10-1 
6 -1.24575187×10-3 -1.91047285×10-3 -1.50472245×10-1 -1.23920805×10-1 
8 -4.21416977×10-4 -9.04898794×10-4 -5.75189462×10-2 -5.89627745×10-2 
10 -1.66838367×10-4 -4.59923079×10-4   
12 -7.78978452×10-5 -2.59993308×10-4   

 
 

            
         Fig. 1 Ground state energy (a) and magnetization of the S=1/2 sublattice (b) for 
         the anisotropic mixed spin system. The full lines are the series results, the  
         dotted and dashed lines are first and second order spin-wave results. 
 
 We have also obtained expansions for the energies of magnon excitations. As the unit-
cell contains two inequivalent ions there will be two magnon branches - an “acoustic” branch 
which is gapless at k=0 and an “optic” branch which is gapped throughout the zone. 
 
 The series expansions are expressed in the form 
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where µ=+,– labels the branches, the vector r=(l,m,n) is a lattice displacement and the a's are 
numerical coefficients. We have computed these through λ8 for the simple cubic lattice, 
59804 distinct clusters contributing through this order. 

 
 In Figure 2 we show the computed dispersion curves for special lines and points in the 
Brillouin zone for the isotropic Hamiltonian. The results from first and second-order spin 



wave theory are shown for comparison. As can be seen from the Figure, the lowest order spin 
wave theory under-estimates the energy, particularly for the optic branch. However second-
order spin wave theory is in excellent agreement with series. Our calculated spectra show a 
quadratic dispersion at k=0, reflecting the finite spin of the ground state: we also calculate the 
coefficient α in 2kαω = . Results for the isotropic model are summarized in Table 2. 
 

 
 

Fig.2 Magnon dispersion curves for 
the S=(1/2,1) system on the simple 
cubic lattice. The full lines are 
obtained from extrapolation of the 
series to λ =1, while the dotted and 
dashed lines are the first and second 
order spin-wave results. 
 
 
 
 
 
 
 

 
Table 2: Comparison of numerical estimates obtained by different methods for the ground-
state energy E0/NJ, the magnetization M1, and the energy gap ω+(k=0)/J , and  α at x=1 for 
the simple cubic lattice. 
 

Method E0/NJ M1 ω+(k=0)/J α 
series (present work) -1.693375(7) 0.44450(3) 3.505(10) 1.69(8) 

1st order SWT -1.68903 0.441852 3 2 
2nd order SWT -1.69371 0.444025 3.45069 1.95157 
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